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1 Introduction 

Throughout this paper, we reserve the symbols q (i = 1,2, ...) for absolute 
positive constants, and the symbol e for an arbitrary (small) positive con- 
stant. Further, we suppose that (a n ) is a sequence of complex numbers and 
that Q,N > 1. We set 

S(a) := a n e{na) 

n<N 

and 




|2 

'71 | • 



In its modern form, the large sieve is an inequality connecting a discrete 
and the continuous mean value Z of the trigometrical polynomial S(a), i.e. 
an inequality of the form 

R 

J2\ S ( a r)\ 2 <f(N; ai ,...,a r )Z. 

r=l 

One formulation of the large sieve is as follows. 

Theorem 1: Let (a r ) re]N be a sequence of real numbers. Suppose that 
< A < 1/2 and R e N. Put 

(1) *(A):=ng t 1, 

r = 1 
\\a r - a\\ < A 
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where \ \x\\ denotes the distance of a real x to its closest integer. Then 



R 



r=l 



< ciK(A)(N + A~ 1 )Z. 



The above Theorem 1 is an immediate consequence of Theorem 2.11 in 

In many applications, the sequence Or consists of Farey fractions. 

If «i, is the sequence of all fractions a/q with 1 < a < q, (a, q) = 1 

and q < Q, then the above Theorem 1 implies, on choosing A := 1/Q 2 , that 



E E 

q<Q a = l 
(a, q) = 1 



S 



< (N + Q 2 )Z. 



This is the classical large sieve inequality of Bombieri 4j. 

Recently, L. Zhao JUj considered the case when the moduli q are squares. 
A careful investigation of the term K(A) for this situation led him to the 
estimate 

( 2 ) E E S (4) 2 « ( lo S 2( ?) (V + ( N + v/iVQ 2 )^) Z. 

9<Q a = l ^ 9 ' 

(a,q) = l 

In [T] we proved that the middle term Ny/Q on the right-hand side of (j2j) 
can be replaced by N, which gives an improvement of (J2J) if Q N 1 ^ 3 ^ 6 . 
In the present paper we prove 



Theorem 2: We have 

< (log Q)iV e (Q 3 + iV 5/4 ) Z. 

(a, g) = 1 

This bound is sharper than © if N 3 / 8+£ < Q < iV 1 / 2 " 6 . 

To establish Theorem 2, we combine a method of D. Wolke |U] with some 
standard tools from harmonic analysis, like the Poisson summation formula 
and bounds for exponential integrals. We also use a bound for quadratic 
GauB sums. 



(3) 



E E 
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2 Counting Farey fractions in short intervals 

To prove Theorem 2, we shall use the general large sieve bound given in 
Theorem 1. 

In the sequel, suppose that Qo > 1, and let cti, ...,or be the sequence 
of Farey fractions a/q 2 with Q < q 2 < 2Q , 1 < a < q 2 and (a, q) = 1. 
Suppose that a e R and < A < 1/2. Put 

1(a) := [a - A,a + A] and P(a) := 1. 

Qo < q 2 < 2Qo 
(a,g) = l 
a/q 2 S /(a) 

Then we have 

K(A) = maxP(ft), 

where K(A) is defined as in (Q). Therefore, the proof of Theorem 2 reduces 
to estimating P(a) for all a G R and choosing the parameter A appropri- 
ately. 

To estimate -P(a), we begin with a method of D. Wolke jH]. Let 

(4) T - 7K- 

Then, by Dirichlet's approximation theorem, a can be written in the form 

(5) a = — hz, where r < r, (6, r) = 1, Id < — . 

r rr 

Thus, it suffices to estimate P{b/r + z) for all 6, r, z satisfying (0). 
We further note that we can restrict ourselves to the case when 

(6) z > A. 
If \z\ < A, then 

P(a) <p(--a]+p(- + A 

\r J \r 

Furthermore, we have 

1 1 
A = -<-. 



Therefore this case can be reduced to the case \z\ = A. Moreover, as 
P(a) = P(—a), we can choose z positive. So we can assume (JHJ). 
Summarizing the above observations, we deduce 



Lemma 1: We have 
(7) < 2 max max max PI — V z 

reJN beZ A<z<VA/r \ r 

r < 1/VA (6, r) = 1 

The next lemma provides a first estimate for P ihjr + z). 



Lemma 2: Suppose that the conditions (Op, (0) awd (0) ore satisfied. 
Suppose further that 



(8) 
Then, 
(9) 



PI- + 2 

r 



/ 



< ci 



/ 



2Qo 



Qo 



< 5 < Q . 



^-c 2 5/v / ^o<?<^+C2<5/v / ^o (2/ - 4<5)rz < m < (y + 45)r2 

m = — feg 2 mod r 

\ m ^ / 



dy 



/ 



Proof: By 5 < Qo, we have 

2Qo 

(10) P(«)<^ y P(a,y,«J)dy, 

Qo 

where 

P(a,y,5):= £ 1. 

y — S<q 2 <y + 8 
(a,q) = 1 
a/g 2 G 1(a) 
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Now, for 

y-5<q 2 <y + 5, (a,g) = l, ^ E 1(a), 

we have q 2 (a — A) < a < q 2 (a + A) or, by © and (0), [y — 5)r(z — A) < 
ar—bq 2 < (y+5)r(z+A). If ar—bq 2 = 0, then r = q 2 since (a, g) = 1 = (6, r). 
Hence, 

(11) P(a,y,8)<p(y)+ ]T E X > 

Vy-Z<q<Vy+<> (y - &) r ( z - A) < m < (j/ + <5)r(z + A) 

m = — bq 2 mod r 
m ^ 

where 

{1, if ?/ — £ < r < y + 5, 
0, otherwise. 

Whenever 1 < Qq < y < 2Qo and S < Qo, we have, by Taylor's formula, 
\fy — C2<5 /VQo < Vy ~ $ — Vy + 5 < y/?/ + C25/v / Qo for a suitable positive 
constant C2. Furthermore, by (jHJ, we have (?/ — 45)rz < (y — 5)r(z — A) < 
(y + <5)r(z + A) < (y + 45)rz. Thus, flTT|) implies 

(12) P(a,y,5)<v(y)+ ]T E L 

v / ^- c 25/v / ^0<<?<v / y+ c 2 5 /v / ^0 {y - ±S)rz < m < (y + 4<5)r2 

m = — bq 2 mod r 
m ^ 

Combining (HUJ) and (fT2jl . we obtain Q. □ 

3 Estimation of P(b/r + z) - first way 

In this section we use some tools from harmonic analysis to establish the 
following bound. 

Theorem 3: Suppose that the conditions J3J) and (QJ) are satisfied. 
Then, 

(13) P ^ + ^ < c 4 A- (gf A + Q^Ar-^z- 1 + A" 1 / 4 ) . 

6 



To derive Theorem 3 from Lemma 2, we need the following standard 
results from Fourier analysis. 



Lemma 3: (Poisson summation formula, [3 ) Let f(X) be a complex- 
valued function on the real numbers that is piecewise continuous with only 
finitely many discontinuities and for all real numbers a satisfies 



f(a) 



lim f(x) + lim f{x) 



2 \x— >ar 

Moreover, suppose that f(x) C c 5 (l + M) -c for some c > 1. Then, 

£/(*) = £/(» 



n 



new, 



where 



f( x ) j f(y)e(xy)dy, 

— oo 

the Fourier transform of f(x). 

Lemma 4: (see jTUj, for example) For iGR \ {0} define 

/ Sin 772 \ 

(x) := 



2x 



Set 
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0(0) := lim0(x) = — . 

x^O 4 



Then <p(x) > 1 for \x\ < 1/2, and the Fourier transform of the function 
6(x) is 



7T 



0(s) = — max{l — |s|,0}. 

Lemma 5: (see Lemma 3.1. in j^j) Let F : [a, b] — > R be twice differ- 
entiable. Assume that \F'(x)\ >u>0 for all x G [a, b\. Then, 



e iF(x) dx 



C6 
< — . 

u 
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Lemma 6: (see Lemma 4.3.1. in [2]) Let F : [a, b] — > R be twice 
continuously differentiable. Assume that \F"(x)\ > u > for all x G [a, b\. 
Then, 

b 

e iF{x) dx < 



c 7 



u 



We shall also need the following estimate for quadratic GauB sums. 



Lemma 7: (see page 93 in [S]) Let c G N, k, I G Z with (k,c) = 1. 
TTien, 

'£;d 2 + Zof 



Proof of Theorem 3: By Lemma 4, the double sum on the right-hand 
side of (jHJ) can be estimated by 



(14) 



_E __ E 

y/y-C2S/^/Qo<q<^/y+c 2 8/^/Qo (y - 4S)rz <m< (y + 4S)rz 

m = —bq 2 mod r 
m ^ 



1 



m e z 

m = — 6g 2 mod r 



m — yrz 
85rz 



dy. 



Using Lemma 3 after a linear change of variables, we transform the inner 
sum on the right-hand side of (j!4j) into 



E 



rn = —bq 2 mod r 



m — yrz 
85rz 



—^- + jyz ) (f)(8jSz). 
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Therefore, we get for the double sum on the right-hand side of (|14j) 

m = —bq 2 mod r 

k = d mod r* 

where r* := r/(r,j) and j* := j/(r,j). Again using Lemma 3 after a linear 
change of variables, we transform the inner sum on the right-hand side of 
flToTl into 

(16) 

k = d mod r* 

Suppose that 5 satisfies the condition (jHJ). Then, from (fTljj) and (fTB^) . we 
obtain 




Qo 
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Applying the Lemmas 4 and 7 to the right-hand side of (|17j) . we deduce 

2Qo 



< 



1 

5 

Qo 

c 8 5z 



E 



E 4 



E 



m e % 
m = — bq' 2 mod r 



m — yrz 
85rz 



dy 



E 



^ i<V(8fe) Vr |/ • , ,>,,V) 



2Qo 



1 [ jy z ~ l ' ~~~ ) <! '/ 



Qo 



If j = and 1 = 0, then the integral on the right-hand side of (fTHj) is 
equal to Qq. If j ] ^ and 1 = 0, then 



2Qo 



< 



|J>' 



If j = and / ^ 0, then 

2Qo 



e jyz - Z 



dy 



Qo 



< 



c 9Qp 



1/2 



by Lemma 5 (take into account that r* = 1 if j = 0). If j 7^ and / 7^ 0, 
then Lemma 6 yields 



2Qo 



e jyz - I 



dy 



Qo 



< 



CioVr*Ql /4: 
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Therefore, the right-hand side of (fT8|) can be estimated by 

2Qo 

c$5z 



(19) 



< 



/7T~ / j rz* / j 

VV ° Ii[<l/(8fa) V \l\<r*VQ^/(2c 2 S) 

C 11 Slzy/Q^+-= Yl —f 

\ VQ ° K 3 <l/(8fc) ^ 



5" t • 

l<«<v / Qo/(2c 2 5) 



e e 

l<i<V(8fo) l<J<r*V3o/(2c 2 <5) 



1 

7i 



< ci 2 [ 5z^/Q~o + -4= ^ — U + fcA~ £ + 



^° l<i<l/(85z) " ?V ' r 



i<i<i/(8fo) 

Now, we evaluate the sums over j in the last line of (|19j) . By the definition 
of r*, we have 



(20) 



and 
(21) 



l</<l/(85«) 



l<J<l/(8<5 2 ) 



< 



< 



< 



r 14 — ' * — ' 7 

*[»" 1 < J < 1/(8*2!) 



c 13 log(2 + 1/(85*)) 



y- 



t|r 



Vi 



^7! E ^ 

*l r 1 < i < l/(8<Sz) 



(r,i) = t 



EE V — 

85z ^ t 3 / 2 

5z ' 
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Combining Lemma 2, (JHD, (JIHJ), ffT3j) . pijl and J2U, we obtain 

(22) P ^ + ^ < c 4 A- £ (l + + SQo l/2 r~ l/2 + 5~ l/2 Ql /2 Vt) • 
Choosing 5 := Q A/z, we infer the desired estimate from (j22j) and 

4 Estimation of P(b/r + z) - second way 

In this section, we use elementary tools to derive the following bound for 
Pihjr + z) from Lemma 2. 

Theorem 4: Suppose that the conditions J3J) owd (0) a^e satisfied. 
Then, 

(23) P ( * + z^j < c 16 A- £ (l + Q rz + Q* /2 a) . 

Proof: Rearranging the order of summation, the sum on the right-hand 
side of (jnj) can be written in the form 

<*> E E 1 

v / ^-C2<Vv / Qo<9<v / ?7+ C2 <Vv / <9o (y - A8)rz <m< (y + iS)rz 

m = —bq 1 mod r 
m ^ 

E E 

(y - 45)r2 <m< (y + 45)rz ^/y - c 2 5/ v / Qo < q < s/y + c 2 S/yfQo 
' <? = -t>m mod r 
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where b mod r is the multiplicative inverse of b mod r, i.e. bb = 1 mod r. 
The double sum on the right-hand side of (J23|) can be split up as follows: 



(25) 



E 



E 



1 



(j/ - 4<5)rz < m < (j/ + 48)rz ^Jy - c 2 <5/ v / Qo < g < \fy + c 2 <5/ v / Qo 



EE _E 

t|r {y-4S)rz/t< m' < (y + 4S)rz/t - c 2 5/ 'y/QE < q < -Jy + c 2 S/ 'VQo 

(m',r/t) = 1 q 2 = mod t 

ml ^ q 2 /t = -bm' mod r/t 

EE El 

t|r (y - 46)rz/t < m' < (y + 46)rz/t q' e S t (y) 

(m',r/t) = l q' = -bm' mod r/t 

w! ^ 



where 



«St(y) : = |? 2 A : Vy-C25/\fQ~o < q < Vv + c ^/VQo and q 2 = mod t\ 

In the following, we determine the structure of S t (y). 

Let t = p^ 1 ■ ■ -p"^ be the prime number factorization of t. For i = 1, n 

let 

{Vi, if fj is even, 

Vi + 1, if Vi is odd. 

Put 

ff.= pT /2 ---P7 /2 - 

Then g 2 (q e N) is divisible by t iff g is divisible by ft- Thus, 
(26) ' _ _ 

S t (y) = {qlgt ■■ (Vy-c 2 5/^)/ft<qi<(Vy + c 2 6/y^)/ft}, 



where 

Hence, 
(27) 



9t := T =A 



2 



Pr, 



\S t (y)\<l + 



2c 2 5 
ftVQ~o 
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By (j2nH, we get 



(») E 1= E 

9' 6 5 t (y) (vf - c 2 <5/V3o) //< < 9 < (V5 + C2S/VQ0) I ft 

q' = — bm' mod r/t q 2 (jt = —bm' mod r/t 

and from (|27|) it follows that 

(29) 1 

(y/y-c 2 5/^) /ft<q< (^y + c 2 5/VQ^) /ft 
q 2 gt = —bm' mod r/t 

< ci 7 s(r,t,m ) 1 + 



r/tvQo, 

where s(r,t,m') is the number of solutions mod r/t of the congruence 

(30) g t x 2 = —6m' mod r/t. 

Next, we derive a bound for s(t,r,m'). In the sequel, we suppose that 

(31) (m',r/*) = l, 

as in (j23). If (gt,r/t) > 1, then s(t,r,m') = by flUU and (6, r/t) = 
1. Therefore, we can assume that (g t ,t/r) = 1. Let ^ mod r/t be the 
multiplicative inverse of #t mod r/t, i.e. ~g~ t g t = 1 mod r/t. Put Z := —g t bm'. 
Then ()3(jp is equivalent to 

(32) x 2 = I mod fc, 

where := r/t. Taking into account that (l,k) = 1, and using some ele- 
mentary facts on the number of solutions of polynomial congruences modulo 
prime powers (see jS], for example), we see that (J3~2~j) has at most 2 solutions 
if k is a power of an odd prime and at most 4 solutions if k is a power of 2. 
From this it follows that for all k 6 N and Z G Z with (Z, fc) = 1 there exist 
at most 2 w ( fe ) +1 solutions mod k to the congruence (J32j) . where u(k) is the 
number of distinct prime divisors of k. Further, we have <C k £ l 2 (see 
0). Thus, we obtain 

(33) s(r,t,m') < c l8 r e/2 . 
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Suppose that the condition (jSJ) is satisfied. Then, combining ([24)1 . 1)250. 
(j2HJ), (j^D and 0, we obtain 

2Qo 

(34) i/ E E ld « 

Qo v / y _c 2 <5 /v / Qo< l 3<v / ^+ C2<5 /v / Qo (y - 45)rz < m < (y + 48)rz 

rn = —bq 2 mod r 

2Qo 

t\r v J VTU/ Q Q (3/- 48)rz/t < m' < (y + 48)rz/t 

m' ± 

We estimate the integral on the right-hand side by 

2Qo 

(35) I ld y 

Q (V - 4S)rz/t <m> <{y + 48)rz/t 
m' ^ 

min{2Q ,tm' / (rz)+48} 

E I ldy 

(Qo - 48)rz/t < m' < (2Q +4S)rz/t max {Q 0>tm > /{rz)-45} 
m' 

< 86 1 

(Qo - 4S)rz/t < m' < (2Q + 4S)rz/t 
m' ^ 

72<5Q rz 
t 

To obtain the last line of the above inequality, we use and the summation 
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condition m! ^ 0. From (J53J) an d Q35p. we deduce 

2Qo 

(36) i | E E 1 d y 

Q \/y-C2S/VQo<q<^/y+C2S/VQo (y - 4S)rz <m<(y + AS)rz 

m = — bq 2 mod r 
m ^ 



^ V rftVQoJ t 
< c 2 ir e [QqTZ + (^a/Qo) . 
Finally, we choose 
(37) 6 := 

which is in consistency with the condition (|H|). Combining (|36p. ()37j) and 
Lemma 2, we obtain the result of Theorem 4. □ 



5 Proof of Theorem 2 

Suppose that the conditions (jlj), © and (jUJ) are satisfied. Then the combi- 
nation of the Theorems 3 and 4 yields 

(38) 

P + zj < c 22 A- £ (QT A + min jg rz, Qj /2 Ar'^z' 1 } + A" 1 / 4 ) . 
If 

z < A 1/2 QQ 1/4 r _3/4 , 

then 

minjgor^gfAr- 1 / 2 ^ 1 } = Q orz < gf A 1 ^ 1 / 4 . 

If 

z > A^Qo 1/4 ^ 3/4 > 

then 

minlgor^^^Ar- 1 /^- 1 } = Q\ /2 Ar' 1 ' 2 z~ x < Q^A^r 1 ' 4 . 



From the above inequalities and (j5J), we deduce 

(39) mm{Q rz,Q 1 /2 Ar^ 2 z- 1 ] < gf A 3 / 8 . 

Furthermore, 



(40) g 3/4 A 3 / 8 = V (Qo /2 A) ■ A-V4 < g 3 / 2 A + A' 1 / 4 . 

Combining (jSSjl . P?il and (j47Tj) . we get 



(41) 



We now choose A := 1/N. Then from Theorem 1, Lemma 1 and ()41|) it 
follows that 



(42) 



Jo<5<v / 2Qo a = 1 
(a,q) = 1 



si4 



< iv £ (g 3 / 2 + at 5 / 4 ) z. 



We can devide the interval [1,Q] into O(logg) subintervals of the form 
[s/Qo, t/2Qo] , where 1 < Q < Q 2 . Hence, the result of Theorem 2 follows 
from (El. □ 
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